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a b s t r a c t
A matching covered graph is a non-trivial connected graph in which every edge is in some
perfect matching. A non-bipartite matching covered graph G is near-bipartite if there are
two edges e1 and e2 such that G−e1−e2 is bipartite andmatching covered. In 2000, Fischer
and Little characterized Pfaffian near-bipartite graphs in terms of forbidden subgraphs
[I. Fischer, C.H.C. Little, A characterization of Pfaffian near bipartite graphs, J. Combin.
Theory Ser. B 82 (2001) 175–222.]. However, their characterization does not imply a
polynomial time algorithm to recognize near-bipartite Pfaffian graphs. In this article, we
give such an algorithm.
We define a more general class of matching covered graphs, which we call weakly
near-bipartite graphs. This class includes the near-bipartite graphs. We give a polynomial
algorithm for recognizing weakly near-bipartite Pfaffian graphs. We also show that Fischer
and Little’s characterization of near-bipartite Pfaffian graphs extends to this wider class.
© 2009 Elsevier B.V. All rights reserved.
1. Pfaffian graphs
In this section we present several definitions and properties related to Pfaffian graphs. A thorough discussion on the
subject may be found in the book by Lovász and Plummer [1, Chapter 8]. We omit the proofs of most properties, but we give
a proof of Theorem 4.
Let D be a directed graph on n vertices, n even. Let M be a perfect matching of D, where M = {v1v2, v3v4, . . . , vn−1vn},
and for 1 ≤ i ≤ n/2, v2i−1v2i is directed from v2i−1 to v2i. Let sgn(M) be the sign of the permutation:
pi(M) :=
(
1 2 3 4 . . . 2k− 1 2k
v1 v2 v3 v4 . . . vn−1 vn
)
.
It can be seen that the sign ofM is independent of the order in which the edges are listed. Directed graph D is Pfaffian if all
perfect matchings of D have the same sign. An undirected graph G is Pfaffian if it admits a Pfaffian orientation.
An edge e of a graphG is admissible ifG has a perfectmatching containing e. A graphG ismatching covered if it is connected,
has at least one edge and every edge ofG is admissible. An edge e := uw ofG is admissible if and only ifG−u−w has a perfect
matching. Thus, one can determine the set of admissible edges of G in polynomial time. Let G be a graph, H the subgraph
obtained from G by removing non-admissible edges of G. Then, each non-trivial connected component of H is matching
covered. From the definition of Pfaffian orientations, we immediately deduce that graph G is Pfaffian if and only if either
H is edgeless or each connected component of H is Pfaffian. Thus, the problem of recognizing Pfaffian graphs immediately
reduces to that of recognizing Pfaffian matching covered graphs. Similar observations hold for directed graphs. We shall
apply these observations in the remaining part of this paper.
Let D be a directed graph, C a cycle of D of even length. As the number of edges of C is even, the parity of the number
of forward edges does not depend on the direction of traversal of C . We say that C is oddly oriented in D if the number of
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forward edges is odd, and evenly oriented otherwise. For any two sets X and Y , we denote by X4Y the symmetric difference
of X and Y .
Theorem 1 ([1, Lemma 8.3.1]). Let D be a directed graph. Let M1 and M2 be any two perfect matchings of D and let k denote the
number of evenly oriented cycles of D[M14M2]. Then, M1 and M2 have the same sign if and only if k is even.
Let G be a graph and H a subgraph of G. The graph H is conformal in G if G− V (H) has a perfect matching. Clearly, if H is
a conformal subgraph of a graph G, and if J is a conformal subgraph of H , then J is a conformal subgraph of G.
Theorem 2 ([1, Theorem 8.3.2]). For every directed graph D and every perfect matching M of D the following assertions are
equivalent:
(1) directed graph D is Pfaffian;
(2) every M-alternating cycle of D is oddly oriented;
(3) every conformal cycle of D is oddly oriented.
Corollary 3. A directed graph D is Pfaffian if and only if every conformal (directed) subgraph of D is Pfaffian.
The next simple result plays a fundamental role in the paper.
Theorem 4. Let D be a directed matching covered graph, e := xy an edge of D, and Q a conformal cycle of D that contains e.
Then, D is Pfaffian if and only if each of the following three properties holds:
(1) graph D− e is Pfaffian;
(2) graph D− x− y is Pfaffian;
(3) cycle Q is oddly oriented.
Proof. (only if part) The graphs D− e and D− x− y are conformal subgraphs of D. Thus, they are both Pfaffian. The cycle Q
is conformal in D. Therefore, Q is oddly oriented.
(if part) To prove the converse, assume that the three properties hold. LetM be the set of perfect matchings of D. The
setM can be partitioned into two sets: the setMe of perfect matchings of D that contain e and the setMe of those that
do not contain e. As D is matching covered and Q is a conformal cycle that contains edge e, it follows thatMe andMe are
both non-null. Property 1 implies that all perfect matchings ofMe have the same sign in D, say s. Property 2 implies that all
perfect matchings ofMe have the same sign in D, say s. Cycle Q is conformal in D. LetM be the union of a perfect matching
of D− V (Q ) and a perfect matching of Q . Then,M is a perfect matching of D. LetM ′ := M4Q . As Q contains e, one ofM and
M ′ is inMe, the other is inMe. On the other hand, property 3 implies that sgn(M) = sgn(M ′) in D. Therefore, s = s. Thus,
all perfect matchings of D have the same sign in D. We deduce that D is Pfaffian. 
2. Canonical orientations and Pfaffian graphs
Two orientations of a graph G are similar if the set of edges on which the orientations differ is a cut of edges of G. Let D1
and D2 be similar orientations of a graph G, let C denote the cut that is equal to the set of edges whose orientations in D1
and in D2 are distinct. Every cycle of G contains an even number of edges in C . In particular, a cycle with even length is oddly
oriented in D1 if and only if it is oddly oriented in D2. Consequently, D1 is Pfaffian if and only if D2 is Pfaffian. The following
result plays a fundamental role in this paper and is a particular case of a result proved by De Carvalho et al. [2, Corollary 3.5].
Theorem 5. Every matching covered bipartite Pfaffian graph has a unique Pfaffian orientation, up to similarity.
De Carvalho et al. have also shown that there is a polynomial time algorithm that, given a matching covered graph G,
produces an orientation D(G) of G, called a canonical orientation of G, such that G is Pfaffian if and only if D(G) is Pfaffian [2,
Theorem 3.9]. In fact, the authors established a proof of polynomial time reducibilities relating the problems of recognizing
Pfaffian graphs and Pfaffian directed graphs, a result first proved by Vazirani and Yannakakis [3].
2.1. Algorithm for bipartite directed graphs
We now show how to recognize, in polynomial time, a Pfaffian directed bipartite graph. The algorithm involves reducing
this problem to its undirected version. The resulting algorithm for the directed version is needed in order to construct an
algorithm to recognize Pfaffian near-bipartite graphs, which will be described in Section 2.2.
LetDbe a directed bipartite graph. Clearly,wemay assumeD to bematching covered.We then find a canonical orientation
D(G) for the underlying undirected graph G of D. If D and D(G) are not similar then certainly D is not Pfaffian, by Theorem 5.
If D and D(G) are similar then D is Pfaffian if and only if G is Pfaffian. To determine whether or not G is Pfaffian, we use the
polynomial time algorithm discovered independently by McCuaig [4] and by Robertson, Seymour and Thomas [5]. We have
thus a polynomial time algorithm for recognizing Pfaffian directed bipartite graphs.
2.2. Algorithm for near-bipartite graphs
Let us consider now the class G of (not necessarily matching covered) graphs G, where V (G) has a partition {U1,U2} such
that |U1| = |U2|, and |E1| = 1 = |E2|, where, for i = 1, 2, Ei = G[Ui]. Every near-bipartite graph lies in G.
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We shall now describe a polynomial time algorithm to recognize Pfaffian graphs G in G. Clearly, we may remove non-
admissible edges ofG, if necessary, thereby yielding connected components that arematching covered and either bipartite or
near-bipartite.Wemay thus assumeG to bematching covered andnear-bipartite.Wenowdetermine a canonical orientation
D of G, in polynomial time. We know that G is Pfaffian if and only if D is Pfaffian. For i = 1, 2, let ei := xiyi be the only edge
of Ei. As {U1,U2} is an equipartition of V (G), a perfect matching of G contains edge e1 if and only if it contains edge e2. Thus,
by considering a perfect matching M that contains edge e1 and another perfect matching N that does not contain edge e1,
the symmetric differenceM4N spansM-alternating cycles, one of which, Q , contains both edges e1 and e2. If Q is not oddly
oriented in D then certainly D is not Pfaffian. We may thus assume that Q is oddly oriented in D. We now consider two
directed bipartite graphs: one is D1 := D − e1 − e2; the other is D2 := D − x1 − y1 − x2 − y2. We use the algorithm for
directed bipartite graphs to determine whether or not D1 and D2 are Pfaffian.
It now suffices to show that D is Pfaffian if and only if D1 and D2 are both Pfaffian. For this, let D′1 := D − e1 and
D′2 := D − x1 − y1. By Theorem 4, D is Pfaffian if and only if each of D′1 and D′2 is Pfaffian. But in D′1, edge e2 is non-
admissible. Therefore D′1 is Pfaffian if and only if D
′
1 − e2 = D1 is Pfaffian. On the other hand, in D′2, edge e2 lies in every
perfect matching. Therefore, if we remove the non-admissible edges of D′2 that are incident to either of x2 and y2, we have
that e2 spans a connected component of the resulting graph. Therefore, D′2 is Pfaffian if and only if D
′
2 − x2 − y2 = D2 is
Pfaffian. Indeed, near-bipartite directed graphD is Pfaffian if and only if both directed bipartite graphsD1 andD2 are Pfaffian.
ButD is a canonical orientation of near-bipartite graphG. The problem of recognizing Pfaffian near-bipartite graphs has been
reduced to that of determining whether or not two directed bipartite graphs are Pfaffian. Moreover, those two graphs may
be determined in polynomial time.
3. A generalization of near-bipartite graphs
We define the class G1 of weakly near-bipartite graphs to consist of those matching covered graphs G with partition
{U1,U2} of V (G) such that (i) |U1| = |U2|, (ii) E1 is a singleton, and (iii) G− E1 − E2 is matching covered, where, for i = 1, 2,
Ei := G[Ui]. Every near-bipartite graph is in G1.
We give a polynomial algorithm for recognizing weakly near-bipartite Pfaffian graphs. We also show that Fischer and
Little’s characterization of near-bipartite Pfaffian graphs [6] extends to this wider class.
We begin by giving a characterization of weakly near-bipartite Pfaffian graphs in terms of Pfaffian near-bipartite graphs.
Let G be a weakly near-bipartite graph. Let e be the sole edge of E1. Let H denote the (bipartite matching covered) graph
G− E1 − E2. For each edge f in E2, we let
G(f ) := G− (E2 − f ) = H + e+ f .
Theorem 6. For every edge f of E2, graph G(f ) is near-bipartite. Moreover, G is Pfaffian if and only if G(f ) is Pfaffian, for each
edge f of E2.
Proof. Let f be an edge in E2. By definition, graphH is bipartite andmatching covered. Thus,H is connected, {U1,U2} its only
bipartition. Therefore, G(f ) is connected and non-bipartite. Every edge of G(f ) − e − f is admissible in H , whence in G(f ).
By definition, G is matching covered. Let M be a perfect matching of G that contains edge f . As {U1,U2} is an equipartition
of V (G), it follows thatM contains edge e but no edge of E2 − f . Therefore,M is a perfect matching of G(f ). We deduce that
G(f ) is matching covered. Indeed, G(f ) is near-bipartite. This conclusion holds for each edge f of E2.
For each edge f in E2, graph G(f ) is a conformal subgraph of G. Therefore, if G is Pfaffian then G(f ) is Pfaffian, for each
edge f of G.
To prove the converse, assume that G(f ) is Pfaffian, for each edge f of E2. We shall now prove that for each edge f of E2
there exists a Pfaffian orientation D(f ) of G(f ) such that for any two distinct edges f1 and f2 of E2, D(f1)− f1 = D(f2)− f2.
Let f be an edge of E2, and D(f ) a Pfaffian orientation of G(f ). Directed graph D(f ) − e − f is a conformal subgraph of
D(f ), and so it is Pfaffian. But it is also an orientation of H . On the other hand, bipartite matching covered graph H has a
unique Pfaffian orientation, up to similarity, by Theorem 5. Therefore, for distinct edges f1 and f2 of E2, D(f1) − e − f1 and
D(f2) − e − f2 are similar. Let C be the cut of H that contains the edges having distinct orientations in D(f1) − e − f1 and
in D(f2) − e − f2. Then, C has a shore in H , a set X of vertices of H such that C is the set of edges of H having precisely one
end in X . Let C ′ denote the corresponding cut of D(f2), that is, C ′ is the set of edges of D(f2) having precisely one end in X .
By reversing the edges of C ′ in D(f2), we obtain another orientation of G(f2), similar to D(f2), which is also Pfaffian. We may
thus assume that D(f1) − e − f1 = D(f2) − e − f2. We may now reverse the orientations of both edges e and f2 in D(f2) if
necessary, so that D(f1)− f1 = D(f2)− f2. That reversal preserves the Pfaffian property of the orientation, because a perfect
matching of G(f2) contains one of e and f2 if and only if it contains both edges. Therefore the signs of the perfect matchings
of D(f2) are preserved. (Another way of proving this is by observing that reversal of all the edges of D(f2) clearly preserves
the Pfaffian property and then reversal of the edges of H , a cut of G(f2), yields a similar orientation.) We deduce that there
is a Pfaffian orientation D(f2) of G(f2) such that D(f1)− f1 = D(f2)− f2. This conclusion holds for each pair of edges f1 and f2
of E2.
Now let D be the orientation of G that is the common extension of the orientations D(f ) of G(f ), for all the edges f of
E2. We assert that D is a Pfaffian orientation of G. For this, let M be a perfect matching of G, let N be a perfect matching of
bipartite graphH . We assert thatM and N have the same sign in D. For this, it suffices to prove thatM and N are both perfect
matchings of near-bipartite G(f ), for some edge f of E2, because D − (E2 − f ) = D(f ). If M is a perfect matching of H then
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Fig. 1. Graphs K3,3 , Γ1 and Γ2 cited in Theorem 8.
the assertion holds immediately, for any edge f . We may thus assumeM contains an edge in E1 ∪ E2. Then, it contains edge
e and precisely one edge in E2, say f . Indeed,M is then a perfect matching of G(f ). We conclude thatM and N have the same
sign in D. This conclusion holds for each perfect matchingM of G. Therefore, D is a Pfaffian orientation of G. 
Corollary 7. The problem of recognizing weakly near-bipartite Pfaffian graphs is solvable in polynomial time.
Let G be a graph. A bi-subdivision of G is obtained by replacing zero or more edges of G with paths, each containing an
even number of internal vertices. We may splice zero or more K4’s on vertices of degree three of G: the resulting graph is
then said to be a K4-decoration of G.
The following result is the characterization of Pfaffian near-bipartite graphs proved by Fischer and Little [6, Theorem1.3]:
Theorem 8. A near-bipartite graph G is non-Pfaffian if and only if G contains a conformal bi-subdivision of a K4-decoration of
K3,3, Γ1 or Γ2 (see Fig. 1).
Corollary 9. A weakly near-bipartite graph G is non-Pfaffian if and only if G contains a conformal bi-subdivision of a K4-
decoration of K3,3, Γ1 or Γ2.
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